A
A

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L)

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

TRANSACTIONS

PHILOSOPHICAL THE ROYAL
OF SOCIETY

Continuous Absorption
J. A. Gaunt

Phil. Trans. R. Soc. Lond. A 1930 229, 163-204
doi: 10.1098/rsta.1930.0005

Email alerting service Receive free email alerts when new articles cite this article - sign up in the box at the top right-hand
corner of the article or click here

To subscribe to Phil. Trans. R. Soc. Lond. A go to: http://rsta.royalsocietypublishing.org/subscriptions

This journal is © 1930 The Royal Society


http://rsta.royalsocietypublishing.org/cgi/alerts/ctalert?alertType=citedby&addAlert=cited_by&saveAlert=no&cited_by_criteria_resid=roypta;229/670-680/163&return_type=article&return_url=http://rsta.royalsocietypublishing.org/content/229/670-680/163.full.pdf
http://rsta.royalsocietypublishing.org/subscriptions
http://rsta.royalsocietypublishing.org/

JA '\

Y |

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

) ¢

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

[ 163 ]

V. Continuous Absorption.

By J. A. Gaunt, Trinsty College, Cambridge.*
(C’ommunicqted by R. H. FowLER, F.R.S.)

(Received January 3, 1930—Read February 6, 1930.)

§ 1. Introduction.

For some years astrophysicists have been looking for an adequate theory of con-
tinuous—as opposed to line—absorption. The natural and generally accepted mechanism
is the transition of an electron from a bound state to a free state, or from one free state
in the neighbourhood of an ion to another free state of greater energy. The theory
hitherto used is KRAMERS’ theoryt of the converse process of emission by a free electron
passing a positive nucleus. Since emission and absorption are intimately connected
by thermodynamics, the absorption coefficient can be calculated from KramEers’
formule.f Unfortunately, although KraMERS’ work is in good agreement with
laboratory observations of X-rays, it gives an absorption coefficient many times smaller
than that found from astronomical observations.

KramERs used classical electromagnetism, and got over the difficulty of the quantisa-
tion of negative energies by distributing the classical emission that involved captures
somewhat arbitrarily among the various stationary states. It was evidently desirable
to do the same work by means of quantum theory, both for the sake of greater rigour,
and in the hope of finding a larger absorption. The foundations of such a theory were
laid by OPPENHEIMER,|| upon the bed-rock of SCHRODINGER’S equation, in a paper to
which this one is much indebted. The matrix-elements involving positive energies
present considerable difficulty, and the approximations used by OPPENHEIMER in his
paper of 1927 are unsuitable for stellar applications. -

The present work carries the theory further, though not to completion. It contemplates
absorption by an electron in an encounter with a positive nucleus, or by an electron
bound to the nucleus. Interference by other electrons is not considered. In the

* As Mr. GaunT has left Europe, this paper has been seen through the press by Dr. Dirac and
Mr. R. H. Fowrer. They trust they have done justice to the author’s work. Any communications
on the subject matter covered by this paper should be addressed to one or other of them.

t KrauErs, ¢ Phil. Mag.,” vol. 46, p. 836 (1923).

1 EppineroN, ¢ Internal Constitution of the Stars,” p. 229 (1926) Miuye, ‘ MLN.R.A.S.;” vol. 85,
p. 750 (1925). Referred to as M L.

|| OpPENHEIMER, ‘ Z. Physik,” vol. 41, p. 768 (1927). Referred to as O I.
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164 J. A. GAUNT ON CONTINUOUS ABSORPTION.

interior of a star, where the atoms are highly ionised, this model should be a good one.
Relativity effects and quadripole radiation are neglected. Even with these simpli-
fications the problem is not too-easy, and it has been solved only in certain limiting
cases. ‘

These calculations were far advanced when another paper was published by OpPEN-
HEIMER* covering the same ground. By using parabolic instead of polar co-ordinates,
he gains somewhat in elegance, and is able to distinguish the polarisation of the radiation.
He works throughout in terms of emission instead of absorption, but this difference is
trivial. The striking feature of his paper is the large absorption coefficient, approaching
the astrophysical value. An obvious discrepancy between some of our results provoked
a careful checking of OpPENHEIMER’S paper. The outcome was the discovery of a
mistake whose correction brings his results into line with ours, but unfortunately spoils
his absorption coefficient.

The plan of this paper is as follows. §2 recapitulates the properties of the wave-
functions, especially those for positive energies, in a convenient form. §3 proceeds to
the calculation of the matrix-elements which are required in the theory of emission and
absorption. The usual integrals giving the matrix-elements of the electric moment are
divergent when positive energies are concerned, and therefore the matrix-elements of
the electron’s acceleration are used instead. The contents of subsection 3.1 are well
known, but the rest of the section breaks new ground. The resulting expressions for
the matrix-elements contain integrals to which various approximations are made in
§4. §5 begins with a brief restatement of absorption theory suitable to the con- -
tinuous spectrum, and gives absorption coefficients in the various limiting cases con-
templated in §4. In § 6 comparisons are made with the work of KraMERS, MILNE,
and OppENHEIMER, and stellar applications are discussed. The conclusions are
summarised in § 7. '

An abridged version of this paper has been published elsewhere.f Another paper on
this subject has recently been published by Suauira,|| but it has not been possible to
correlate his results with those of this paper.

-

§ 2. Wave-Functions. |

2.0. We start with SCcHRODINGER’S equation for ‘an electron in the field of a central
charge Ze. In the usual notation,

v2¢+§’;:Tm<E+Z—f->¢=o. . (200

* OPPENHEIMER, ‘ Z. Physik,” vel. 55, p. 725 (1929). Referred to as O II.

T Gaunt, © Z. Physik,” vol. 59. p. 508 (1930).

I Gaunr, ‘ Roy. Soc. Proc.,” A, vol. 126, p. 654 (1930).

| Sueuira,  Phys. Rev.,” vol. 34, p. 858 (1929). /

9 Cf. ScurODINGER,  Ann. Physik,” vol. 79, p. 734 (1926); OPPENHEIMER, ‘ Z. Physik,’ vol. 41, p. 26
(1927).
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We write the wave-function for any stationary state in the form

O (B, & u) = ESPE(0, ) E (B, k) u (B ks r), . . . . . . (2.01)
where (following DARWIN)
. d O\t (cos® 6 —1)* , '
% _— —_— ! 4 uooLoL . .
PL(0, ) = (b — ) ! sin e(dcos 6> T e, (2.02)
and &Y is its normalising factor, given by
@t =2 B—w)! Etuw)l. .. (2.03)
§ 2k + 1
The radial part of the wave-function satisfies the equation
L d (4, du « _k(kE+1)),
72(2}@ d¢>+<¢w+y - )u—(), ..... (2.04)
where we have written
. 2 2
Y=2%t1/2m|E" =SRZZZ6, ....... (205)

and the upper sign corresponds to negative, the lower to positive, energies. We shall
also use

2 204
n=a2y, BE= $2“h’2”’nzze e ... (2.06)
2.1. For negative energies #» must be an integer greater than k.and
‘ 2k+1 .
w(E, k; ry=+oFe L (2yr), . . . . o o oo oo (2.10)
n+k
B n_)jk—l (0 + k) !? (= 2yr) (2.11)

=0 ¢! @k+1+@!(n—k—1—q)

Positive energies are unrestricted, and so is the corre-
sponding n. We may take as the wave-function

w=r j ¢ (2 — i) (2 ) ds, L. . . (2.12)
o .
where C is a double curve encircling 4 ¢y in the manner
shown in the diagram, and the integrand is determined by c.
making |arg (z + 7y)| <= at the point A. Fie. 1.

zZ 2
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166 J. A. GAUNT ON CONTINUOUS ABSORPTION.

Some recurrence formule can be proved at once. Using the series (2.11) we find

2k +1) (_._’_?> (B, k) + au (B, k) = (n1°;:+l)u(E,k+ 1) (B <0), (2.13)

ok <d k4 1) (B k) —au @B k) =0+ —k)uEk—1) ([E<0). (214)

Differentiating (2.12) under the integral sign and integrating by parts we find

2@+¢K%-§yumm+mumjp=—umw+4) E>0), (2.15)

%@ﬁk+>(Em_wmh=§w+ﬁmmhq)m>m.@m

2.2. We require the asymptotic behaviour of (2.12) as - o . Let C; be a contour
starting at ¢y — oo, encircling 4y positively, and returning to 5y — « ; C, a similar

contour for — sy.
<6 (- )tiy

C,or C2
F1a. 2.

Let u,, u, be the functions obtained when C;, C; are substituted for C in (2.12), and
the integrand is determined by |arg (z & %y)| ==. The integrand is bounded near
+ 7y. Putting z = + iy — 2, '

ty = (=) (e — &) 4 T 2y — o) do

B . , .. (2.20)
ty = (=) (e — &) o# | emtrarghtin (— 2y — )= do

where ' : _ ,

arg ¢ = 0, |arg (+ 20y — )| < =.

Evidently 74, and 7u, are conjugate. As r - o, the important parts of the integrals
in (2.20) are those for which  is small. Expanding (2éy — z)**™ in powers of = we
obtain '

Uy ~ (___)IH-I q:k ei‘lm (1 e 6"2"%), (2Y)k+in I‘\ (k + 1 — 'b.%) 6‘&yr 7.—1+in

b+ i)+ 1 — :
x(1- (+m)(2@;‘; LN, Joee
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By deforming C as is shown here, we find % in terms of u, and u,

YAYA
\Z'

YAYA
CI.)
~=

-

Fie. 3.

w=(1—e2) (g +ug). . . . . . . .. . (2.22)
Thus as r - ®

u~ — 20 (— Ot e™ (1 — e=2)2 (2y)HH T (k4 1 — im) ghrrp—1+in
% <1 _hmEr L) N (203)
/

uyr
The leading term of (2.23) may be written
u~—g-?-£sin(yr+nlogr+ﬁ), B '(2;24)
where

CRK— (L — et ) [T (b1 — i), . . . . . . (2.25)

and @ is independent of r.

2.3. It is well known that the functions (2.11) are orthogonal to each other and to
the functions (2.12). The corresponding property for the functions (2.12) may be
expressed in the form : ‘

l‘imru(E, @, kerrdr=0 {B=E). .. .. (230

e-—>04J0

The exponential factor is 'neoessary to secure convergence, as is shown by (2.24). The
proof of (2.30), which follows, is of the usual form.
We write (2.04) in the form

r r

g;;('ru) + <+ .Y2 +ec_._.._k-—(-k_—i——}.2> U = 0, ------ (2-31)
so that |
v lim | " v (B, ) ru (B, k) e dr
. ‘

>0

— — lim j‘”(dz +E_M9_2t_ll>m(E, B) . (B, k) e dr,

e>0Jo \drz ' 7 7y

— —lim ["ru (B 1) e = TN P

€e=>0 d?‘z

after two integrations by parts. The exponential term can be placed before the
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168 J. A. GAUNT ON CONTINUOUS ABSORPTION.

differential operator without affecting the limit. The result is the left-hand side with
v’ (corresponding to E') for y. (2.80) follows. '

2.4. It remains to find the normalising factor & (E, k). For negative energies it is
given as usual by v

j:g (B k2 [u (B ks r) 2ot dr=1, . . .. .... (2.40)
whence | . _
— f(n—k—1'P
£ (B, k) = (2y)* [(n+k)!3 2%]' S (2.41)

The wave-functions for positive energies are normalised as follows, after OPPENHEIMER.
It

E+AR )
AG® = . EE k)u(®E, k)dEMh, . . . . .. .. (2.42)
and E < E' < E 4 AE, then
j CE (B, k) u* (B, k) AO2 dr -1 as AE 0. . . . . . (2.43)
0 R

With this normalisation, under certain conditions for F (r),

F ()& (B, k) w (B, k) =E5‘20(E, E|F|E, k) E (B, k) u®, k)

AN k)u (B, k) dEh, . . . (244)
where
j”a (B, k) w* (B, k) F £ (B, k) u (B, k) 2 dr (E < 0)
B,k |F|E,k)=< " ) , . (2.45)
lim —j AO*FE (B, kyu(E, k)t dr (B> 0)
I LY

For any finite range of 7 the integral (2.43) vanishes when AE —0. Thus we need
consider only large . By (2.24)

A@~£JY+A7——?%{sm<y¢—|———log¢+B> h ydy,
Y ~

2K hy
1 4rim

[cos <w + — log r - B)
— cos <w + —23;- logr + 8 + {?‘ -—ZLY210g 7‘} AY>J ,

for the variations of £ and B with y are negligible in the limit. If K’ corresponds to
v + Ay, sothat 0 < A’y < Ay,


http://rsta.royalsocietypublishing.org/

A A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A A

A \
I

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

J. A. GAUNT ON CONTINUOUS ABSORPTION. 169

_Eu* (B, k) A® ~ E2 — 4K by [sin {2 <yfr -+ -2% logr» + B) ~|—. <¢ — -——1og ¢> }

7 8mm
—l—sin<r—é-$2—logr> A’y — sin {2 <w' +-20;Y10g¢—{— (3) - (r—~——low} Ay A «{)}

+ sin (r ___é%é log 7'> (Ay —- A'Y)] ;
and (2.43) becomes in the limit

2 0 1

2 K]w2 j sine o
2r2m o r

Thus -

2 \/(4rm [h)
E ]C K /\/< m> e%wn . —21rn) 2Y)k+%/\ T (]{; + 1= )l (246)

The meaning of (2.40) is that the wave-function for negative energy represents one
electron. The meaning of the normalisation for positive energy can be found by
combining (2.24) and (2.46). Asr - o

EE k) u(E, k; w)~—%—i «/(%)sin(w%—nlogr—l—ﬁ). ... (247)

This expression may be broken up into two parts representing gﬁtgoing and incoming
streams of electrons. The density of the electrons in each of the streams represented
by the complete wave-function (2.01) is

o G PR
The velocity at infinity is
‘ 2E. hy
v = —_— Il L L e e e e e e e (248)
m 2mm

by (2.05), and this velocity is practically radial at large distances. Multiplying the
density by v and integrating over a large sphere, we find that one electron enters or
leaves the sphere in unit time. In other words, there is one encounter per unit time.

~ §3. The Matriz-Elements of the Acceleration.

3.0. The acceleration of the electron is proportional to j/r2, where j is the unit vector
(sin 6 cos ¢, sin 0 sin ¢, cos 8). The matrix-elements are defined by the usual integrals

(B, k, wljjre | B, ¥, u')=j¢* (E, &, u)%np(E’, Kow)de, . . .(3.00)

the integration being over all space. Limits such as that in (2.45B) are unnecessary,
as the integrals are strongly convergent ; in fact (2.45B) reduces to the same form as
(2.454). The integrations with respect to 6, ¢, and 7, are all separate, and

(B, by | §)r | B B, o) = (b, w|§ 1K, o) (B, k| 1/ | B K) . . . (3.01)
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170 J. A. GAUNT ON CONTINUOUS ABSORPTION.

where ,
T (2
(b, w|j| ¥, w) = L jo £ PwE §EY PY sin 0 40 dg. . .

The matrix-elements vanish unless &' = & 4+ 1, 4 =wu or w4+ 1. Also we are con-
cerned only with cases in which at least one of the energies is positive. We shall suppose

that E’ is positive and greater than E.
3.1. Using the formule

K szl’z* cos 0 Pi,,8in 0d0 dp = dr (k _*(—QZi 11)) 225016—:3@)& +1)!
dr (k+u+2)! (b —u)!
(2k + 1) (2k + 3)
dr (b4 w) ! (b — w +2)!
(2k + 1) (2k -+ 3)

|7] Py e sjn 0 Pyt sin 0 do dg —
0

0

rrrPZ* ¢ gin 0 P47 sin 0 d0 dp = —
v :

}J0

and introducing the normalising factors £, etc., from (2.03), we find

s - kFrut2)kt+utl)

(k,u|e “551110[76—]—‘1,%—}—1)—— '\/ (2]6—}—1)_ (2]6—[—3) .
o o o e A= T2 k—u+1)

ulessing [k 10— 1) = — o/ T T Tt

-

7

-

\(

r‘, (3.10)

. (3.11)

Other choices of u’ give integrals which vanish. We shall require squares of the matrix-

elements. Denoting a scalar product by a dot, we have

(kyw|jll—+ 1 u). (kyu|jlk—41,u)* = (k,u|cos 0|k 1, u?

_tutl) b—utl)

@k + 1) (2% 1 3)
(ks uw|jle+1,u+1). (kyul|jlhk+1, ut1)*=2(k,u|te ™sin 0| k41, ut-1)>

I

1
2

(k+u+2) (k+wv-+1)

(2k + 1) (2k + 3)
(byuljlk-+1,u—1). (byul|j|b+1, u—1)*=2 (k,u|Le?sin 6 [£+1, u—1)

I

bk—u+2)(k—u-1)

, ¥ (2k + 1) (2k + 3)
so that

S (ol jl kL) (ol §lk4 Luypr= 2L

2%k + 1

T

J
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Similarly

(k,u\jlk——l,u).(k,%ljlk“‘1’“)*=(2(ll:i—?:; gk—%—ui)" |

(k,u]j{k—1,u+1).(lc,u1jtk-1,u+1)*=("’(2;’_“‘_){’)“('2'k“+”1)1,) -, (3.14)

(hmﬂk—hu%nwhwﬂk—hn“”*zﬁﬂgwﬁiﬁiyj

so that
k

m'. . (3-15)

D(kwlik L) (kuljlk—1u)*=
'These are the ordinary formule for the relative intensities of lines in the Zeemann
effect. ‘ ) , ,
3.2. We have now to evaluate (E,%|1/2|E,k + 1). First let E be positive, and
take the upper sign. By (2.20), (2.22), the wave-function is a pure imaginary ; a,lso
the integrand behaves like 1/r? as r - . Hence

Lu* (B, k; ‘w)%u(E’, kE-+1; r)r2dr

= —lim J:e“'u (B, k; T)M(E',.k-{‘ Ly r)dr

e—>0
—_ hm d?’ j‘ clz jdz e—-(e—-z-—-z)r 2k+1 (z + ,W)Ic+m (z . @Y)k—m
e—>04J0

@ +,W !yt Lt (z )k—l—l-——m o (320)

using (2.12). The exponential factor is inserted in order to facilitate the next step,
which is the inversion of the order of integration. This is permissible provided we
choose C and C’ so that on them the real parts of z and 2’ are less than 4c. The integra-
tion with respect to 7 is then uniformly convergent for points on C and C’, and (3.20)
becomes

— [ de @ T e i e — i i (= e o)

The integral with respect to z is found by choosing for C the contour shown below,
consisting of parts of the axes and parts of a circle whose radius - . It can then be
compounded of two parts C; and C,. C; consists of two circles at infinity, on which
the integrand - 0 like 2™2, and two straight parts along the real axis in opposite
directions, on which the integrand has the same value. Thus the integral round C,
vanishes. C, does not enclose the branch points =+ %y, but consists of three closed
curves, of which one encircles the pole ¢ — 2’ positively and one negatively. On the

VOL. CCXXIX.—A. 2 A
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172 J. A. GAUNT ON CONTINUOUS ABSORPTION.

e

C; C,
Fia. 4.

latter | arg (z & vy) | < =, but on the former the integrand is multiplied by e~>™.  Thus
by the theory of residues

[ s o+ i e — i e

€ —2—2

— (1 — o™ 2ni [(ng“l(zﬂy)ﬂﬁ (z—iy)k-ﬂ .. (322)

where e
| larg (2 & i) | < .
Also, :

d et YAV -Z N7 s \E— 1
(£) ¢ e p —ipe

 ESLQE 41\ T (k1 n) - brpin Dk -1 — an)
= E( r >r(lc+1—¢+m)(z+7”)k T —m) ¢

—Y¥tlyainh . i \b+in 2641 Y
_ (=) jtsm niI’(k—I—l——m)lz(z(z—i_W) 5 (Qk—l—l)(_),.(z zy)

— ay B, r 2z + 1y

. ,I".Y)-Ic-l—l-r—in
r=0

€" (1 —e ™) | D (k+1—am)|2 (27)**!
O (Z . ?;,Y)Ic+1+in (Z _ ,I;.Y)Ic+1~—in °

Thus (3.22) is

— e (1 _ 6_2"”)2 | T (k + 1 — ,m) !2 (2Y)2k+1
(Z’ — _I__ ?;Y)k+1+in (Z’ — — ?;.Y)k+1—in

<O <arg (' —e Fy) < 211:>.

On substituting this in (3.21) we see that the restriction 2" < %e can be removed if
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C’ passes to the left of ¢ 4 7y. Provided C’ passes to the left of 4+ ¢y, there is now no
difficulty in ¢ - 0, and (3.20) becomes

2e™ (1 _ e—21rn)2 \ T (k. + 1 — ,m,) 12 (QY)2k+1

(Z' + ?;Y/)k+1+in' (z’ . ,I;Yl)k+1—'in'd ,
; - - 2 ... . (323
X j‘C' (2’«' + ,&Y)k+1+m (z/ . %Y)k+1—in ’ ( )

where ,
0 <arg (2 +1o) <2r, |arg(® +%')| <= (atA).

CI
Fia. 5. F1a. 6.

The contour C' can now be deformed into a curve lying on a semicircle of radius R
and the imaginary axis, with loops round + %y. We make R -~ . At A
‘ arg (' —w') ~—m; arg(® +w')~n;
and the integrand ~ ¢=*™. On the imaginary axis we put 2’ = + iy. We find
[ i e
. (zr + 7;,Y)k,+1+in (Z' . ?;Y)’H'l_i”
. R I\Ek+1+4in’ INEk+4+1—in’
— (— 2e~—2™ 1 e—t™ (?/ +v ) . (?/ - ) —1
( : + e )L' (y + 1) (y — e Y
R \b+14in’ NEk+1—in
Q=2 __ | — =t (y"—Y) .(?/‘l‘Y) i —d
+ ( )L (y — .Y)k+1+m (y 4+ Y)7c+1—m ( ) Y
+ (2¢7*™ — 1 —e~*™) 21R + O (1/R),
=2y (1—e™PRPRL, . . . ..o oo (3.24)

dz'
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where .
. 1 R ( __I__ Yl)k+1+in' (y . Y/)k-}-l—-in'
I:hm—-{j qy ' —dy—R:. . . . (325
R—>o Y Y (,7/ + Y)k+1+m (?/ _ Y)k+1—m Y ( )

Let .
Y=y, sothat A>1, n=2wm". . . ... .. (3.26)

Put y = yu, and integrate by parts, getting

I— lim { jn/y (w + x)k+1+m'"(u— 21— Ty R/y} ,

A (u + 1)k+1-Hm' (u__ 1)k+1—-'5m'

© E+in’ — 2 k—in’ )
==, (u(j— _1|—)"1)2+’“”’ EZ = 1))"+?-W 208 = [k + Du—inJudu. .. (3.27)

Inserting (3.24) in (8.23), and multiplying by & (E, k), & (E', k& 4 1), from (2.46) we find

) Y k+3
(B, k{1 [ B, k1) = — 22 2 'l 1111<(1]§ i 1= ZZ'))[I <’Yf_> R (B> E > 0). (3.28)

3.3. To find (E, k|1/r*|E’, k — 1) we make a transformation which is equivalent to

expressing the matrix-elements of the acceleration in terms of those of the velocity,
with the result

[T @ ) L u @, k1) dr
0 7
Y=Y ki J‘wu* (E, k)<—0-l- -—"k;- 1>M(E', k—1).er*dr. . . (3.30)

o e—>0 ¥ d?‘

This is proved in the same way as the orthogonality formula (2.30). By (2.31)

v lim [ (B, 1) <% — ’ﬁ_:_l-> w(B, b —1). =2 dr

“e=>0 JO

= —lim [* <iz_ 12 _E(k_;“l) (B, k).(i — f)m(E',k-— 1) . e~ dr,

>0 dr? 7 dr

— _ lim rm*(E, w (Z +Eo Mill}e-f'<d k)m(E’,k—- 1) dr, (3.31)

>0 J0 \dr2 72 dr r

after two integrations by parts. Also

P (4 kE—1 -
2 * P LA ' — 2
Y I,H%LM (E’k)<dr . )u»(Ev,k 1).e “r¥dr
I ca(d kN[ | « (k——l)k) /
* L —_— — B .
lem% T (B, E)e (dr 4‘)((%2 —{—? p m»(E,k 1)dr
(3.32)
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The exponential factor in (3.31) may be placed befoxe the differential operator After
subtracting (3.31) from (3.32) we may proceed to the limit under the integral, and
obtain (3.30). We now use the recurrence formula (2.15), with & — 1 for k.

r u* (B, k) L (B, — 1) dr
0 7

B Gk Gl Y j w¥ (B, k) [— aw (B, b — 1) — u (B, k)Je==r® dr,

ke 0
SR etk tg [ 8, 1) (B, B — 1) =12 dr, . (3.33)
i ["ux (8, , AT .

by (2.30). We evaluate (3.33) in the same Way as (3.20),
>0 JO

lim ru* (B, &) u (B, & — 1) e~ dr

oo . .
—_ hm j dy.j dzj dzl 6—(e~z-—z')r7.2k+1(z+7;Y)k+~in(z_,l:Y)k—in(zl__j‘_,i.r')k—l-l—in’(zl__,l:.\{l)k—l-—in',
0 c [vg .

e=>0

o Eg)l j’cdz jcdzl ('s fﬁjl. lz))2k+2 (Z_I_,W)k+m (z— — )k—m (z +7y )k T4in’ (z )k 1-m
' . [%z, mz < EE]

)k —~1-—-in’

= 6™ (L — &M | T (b4 1 — in) |2 (29 | (iz":f:y)'ilii’l e o
’ [0 <arg(z + z'y)‘ < w; C totheleft of 4 4],
= —2¢" (1 — e (1 — e )2 | T (k4 1 — in) [2 (2y)*+  RI v, . . . . | (3.34)
where ' o »
| J= f (L“j"l)xk):::: ((3:17‘)2::?; du. . ... ... (3.35)

Inserting (3.34) in (3.33) and multiplying by £ (E, k),‘ EE,k—1), from (2.46) we héve

(E,kil/rzlE',k—— ) 47?77&35"”111 k+1—-’bn)](¥’>k‘22—(_;9m(]- (E/>E>0)

h e‘%‘"”lI‘(kwm)\ k
| o (3.36)
3.4. Nowlet B < 0 < E. By (2.11), (2.12),
[ @ 1) Lu(®, b yrar
0 re
_ 0 n—k—1 1’b+k) 12 2Y q72k+1+q o —ar o i
Ldr[odz 2 70 (2k+1+q)‘ e s K (oot ) o)1
(3.40)
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Tf we choose C so that on it Rz <y, we can invert the order of integration, and obtain
for (3.40) -

—k-1 -
i (n + k) 12 (— 2y) LR i
j.G’ QEO q! (n—k—1—gq)! (y — 2)#+2+e (z + ') (z — ) dz

12 » n—k—1 N Erain bl
- (n(n—-l']; _]f_). 1) 1 jC' E: i 1;n+k+1(z +7JY )k+ + (Z — Y )L+1 dz . (341)

We may now take for C' the contour used in evaluating (3.23). Then (3.41) becomes

k 12 —2mn” ’
27,7(__@_1'__)__1_)_' (1 —e ™) R,

where

I — lim {jnlv (u — qj)"*k-l (u + 7\)]‘;+1+in’ (u . 7\)70+1—in' du — R/Y}

R-—>o0 (JA (u + ’i)n+k+1

— L W (u 4+ AT ( — AP 2 (22 - 1) [(k+ 1)u — m]udu. (3.43)

Here, as before, » = vy'/y, but it may be less than 1.
Multiplying (3.42) by & (E, k), & (E', &k + 1) from (2.41), (2.46) we have

' 47 k b k+§ !
(B, B 1/r°[E', k + 1) = — 20y N/ < m)[(n —(nk—{; 1))v Qn] e%""yr(YliYH—-M’)l M
E<0<E). .. (349

-

3.5. For (B, k|1/r*|E’, k — 1) we use a formula similar to (3.30), which is proved in
exactly the same way. The exponential factor is now unnecessary, and y* is replaced
by —+2. We have

j w* (B, k) 1/r2 w (B, &k — 1) r2dr
_YiEy 4 _k—1 ' 2
___;_j u*(Ek)(T - ) (Ek 1). 7% dr,

_ _Y_'f%t j w B k) u B, k—1)r2dr, . . ... (3.50)

by (2.15) and the orthogonality relation. Also

'jwu*(E,k)u(E',k——l)rzd?' , ‘
0 © n—k—1 (n + k) |2( Y) pRE1te
___jodrj- dz qu ' Ck+1+!n—k—1—gq)!
. X 6—(Y—z)f(z _|__ ?’Y )lc—1+m (z —_— @,Y )lc—l—'m »

"m“i'z';.k-)!:)z c'ézi— i))::; (6 -+ iy P (@ — i P, L L (3.61)
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as before, provided C passes to the left of y. Using the same contour as before, we

find for (3.51)
. 12 , , . . [y’
CE AR e, e Oy

where

0, 2 \e—k=—1 ) ., | .,
= [ e — g (o)

Substituting (3.52) in (3. 50), and multiplying by & (E, k), & (E, k—l.), -}', W 14

we have A
(B, k1) | B, k — 1) = 24y M <4TZ"> [(n _(nk—t kl))!! 2%]“
it
(APt 2024 1) g ' N
x eierm'i T (k — ,&nr)\ | k %J (E <0< E ) (3'54) . —z}/
Fie. 7.

3.6. An alternative way of evaluating (3.41), (3.51) is to make C'
lie on the imaginary axis between = %', with loops round these points. Then, putting
z =1, Yy =y'v, we have :

[ o i o — iy
C

e |
’ n—k—1 L , .
— (26—-1m — ™ — 6-—-31rn) ( )k+1 j*y Ey _l_ :/1;%*‘,“_1 (y __I_ Yr)lc+1+'m (Y . y)k+1—m 'Ldy,_
— (____)n+k ie’"" (1 _ 8—211%’)2 Y,.2k+3 I// ) (3 60)
LD e .
where
R L O 7;7\7))”_70—1 Bl (1 o\Ekl—in’
v = f R (Y (1 — ) do. . .. (3.61)
Similarly
N—F—
jc gz i 8"+Ic+1 (2 4 o)~ (2 — iy de
Y ! ’ b1 124
= (—)"tae™ (1 — ¢ ) Il (362)
where
J — Y1 4 eaw)rEt o NE—1inw E—l—in’ 7,. |
= LI(W(I o (L gt g (3.63)

Using (3.62), (3.63), we find

(E, k| 1/9»12 | B k4 1) = (—)rte+lgy | /\/(47;:%) [(% —Snk—}:_kl))l' zn]%

gt o, O\ K3 .,
X rEre—aly) T 60
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(B, |1/ [ B, bk — 1) = (—)"*+* 4y - \/<4T;Zm>[(n —(nkt kl))!! QJ

e .I:k—%g(;\z_l_l) "
X"'—“—]F(k—fin')}<y) 2L g, (3.65)

(E<0<E).

§ 4. Approzimations to the Matriz-Elements.

4.0. We first suppose that |E| and E’ are small, and that their ratio is not large, nor
(if E > 0) too near 1. Thus we make » and n” - o in a fixed ratio ». The integrals
(3.27), (3.35) may be written

I =~ j‘”[uz - V]’““[(u + 1)(@_ 1)*J?"'2(x2 — 1) {(k+ 1) u—in}udu

w—1] lw—e+Dl =@ =)
(e [u __ A2V (w4 ) (w — )X du r (4.00)
== SR = J
Let* ‘
| (u—f—)\)(u_l)'\—— a3/n
h w— 2 (w 1)} e (4.01)
en
822dy _ 22 (®—1)du
d n (u? — ) (u? — 1) s e e e e e e (4.02)
an
. _______ qo~u2__)\2 k41 ns{(k_*"l)%——%%}u.?)xzdw
[=- .(o [uz — 1] e 7 ]
; o2 — 22 . 322 da , . - . (4.03)
1= f0 [uz — 1] estn()@ —1)

We integrate J by parts, using
d ['eﬁ — )\2]" _ [uz — 7\2]"' 2ku (@ —1) du__ [uz — Az]k kwgs o

CE w2 —1 ur — 1 (Uz——)\z)(uz———l){—l—x__ W — 1
Thus A ,
' = 40 - ok ® [’wz — lz]k i 0,
J = on(a —1) 2nf (2 —1) L by €7 3uxtde. . . . (4.04)

We shall assume that only those values of z for which u is large make important
contributions to I and J. If %, as well as »n and #’, — o, this is evidently true. If it
is not true when % remains finite, then in these cases I remains finite and RJ is O (1/n?).
The results we shall obtain are of higher order than these [RI = O (n}), RJ = O (n™%)],
and even so, the corresponding matrix-elements are negligible. Thus our assumption
is correct except in negligible cases.

* ] am indebted to Prof. LitrLewooD for suggesting a transformation similar to this.
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We see from (4.02) that for large u
20 (32 —1)

n, _—%é—_ L I R T BT B ) (4605)
and '
[u —x’] ~[1_ (A —1)a* ]"
w—1 Bn (P —1)"1°
) ~ehR (4.06)
where e um g |
a= (%3 ) B e (40D
so that '
- 1 1 E' —E) »k?
2(1:3 == %ka <m —-’;&—2> = (—1—2_1_';2_7)’—!%—’—6-4—— e e e e e e e (4.08)

The final approximation (4.06) is a good one for large w unless 3a2? is large. It is
then too large, but even so, the contribution of such values of « to the integralis negligible.
Since only large values of % are important, the distinction between % and %k 4 1 is
negligible. Using (4.05), (4.06) in (4.03), (4.04), we find

I~— g_%(_z r e 3+ (g — 3ix) dw
0

) ) (4.09)
~ - . 4 ® —3aa?+ixd
Y pop—y n(xz—-l)joe 3o dw
4.1. These integrals can be evaluated in terms of Bessel functions. Let
fla) = r e~ 3@ (4 — a) dw
o . s e (4.10)
9(@) = j oS g g
so that
~Z2f (@) — g @]
o D S T (4'.11)
— 3a
RJ T e —1) [f(@) +g(a)]
Consider

| e (g 4 g) e,

y o
A
WC\,\{ ,\0““
i ]
s'g ,
s _
Fic. 8

VOL. COXXIX.—A. 2B
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where T' is the rectangle with sides 2z = + R, Jz = 0, — 1a. On the first side we
may put 2 = R +4-4y. The modulus of the integrand is less than

e~ 3.(aty) R+ 247 2pR'

Integrating from y = — a to y = 0, we see that the part of the integral contributed by
this side vanishes as R - . Similarly for 2 = — R. Since the integrand is regular
in the rectangle, the integrals along the other two sides must cancel in the limit. Thus

j: e (g + @) d = J: IR (g — dpa + @) dx. . . (4.12)
Hence ,
f(a) = j ¢TI0 G o = — 262“3J z sin (2° + 3a°) dr
o .
- " (4.13)
g (a) = f GrHIEE oy — 2670 j @ cos (3 -+ 3a%z) dx
o .

Now in terms of Bessel functions,*

r cos (z® + 3a?m) de = ga fys (20%) — 145 (20%)}, . . . . (4.14)

0 B

and by differentiation with respect to a,t

jo x sin (x® + 3a2x) do = g a? {Iys (203) — I_55(20%)). . . . . (4.15)
Thus B
f (@) = — 4na2e* F (a)
, s (4.16)
g (a) = 3na*e™ G (a)
where
F(a) = I, (20°) — I_, (20%)
C . (4.17)

G (a) =1; (2¢°) — I (20°) |
It is convenient to know the behaviour of Fand Gasa—=0or ®. Asz-0f
L (2) = i7" J, (12) ~ (32)°/T (p + 1).
Fa)~—a*T#); G@~—aTF  (@>0. ... 18

Thus

Asz > ]|

L (2) — I_, (2) ~ [e~0+¥m _ g=(-ntmi] (22:55;,

* Nicrorson, “ Phil. Mag.,” vol. 18, p. 6 (1909).
T Using g;(z*" I,) = 2371, 5.

{ Jau~kE und EMpE, ¢ Funktionentafeln,‘ p- 90.
|| WarrTAkeR and WaTsox, ¢ Modern Analysis,” p. 873.
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Thus

~ . p—2a8 __§__‘ ~ — p—2s3 3
Fla)~—e e G@ ¢ oy

4.2. Inserting (4.16) in (4.11), we have

(@—>®). (419)

RI ~ — gk@ nade® (F + @)

~ Tod 903 ' L
RJ w0 =) 1)e F -6
When £ remains finite as n and ' ~ ®, ¢ - 0 like n*?; and (4.18), (4¢.20) show that RI
is O (n'*) and RJi s O (n™2?), as was mentioned above. Inserting (4.20) in (3.28),
(3.36), we have

3 . Tk+d s
(R )~ B e = o T+ O

' (4.21)
‘ 'y dmm @™ | T (k41 —in)|n**2ra® fat
E LR k=)~ S T g —an) [ % "6

Since n and »’ are lafge, we may approximate to the I'-functions by means of STIRLING’S
formula. We find

log @7 T (ky — in) [n'B~?
%6 | T (lc2 ) [
~ % (ky — %) log (1 + &2 /n?) 4+ ntan=" ky/n — &,
— 3 (ky — 3) log (1 + k2/n'2) — w' tan™ ky/n' 4 ky.  (4.22)

By (4.07), a is finite when % is O (#*®). We can then expand (4.22) in powers of
ky/n, kafn'. More generally if &y, k, < n*®, (4.22) becomes
L kB 5 kB 1 1
b b k()=
on putting in the values of %, and k, required, and using (4.08). Thus
- 4dmm 21ta
E k[1/r2|E, k+1 F4+G
1 <k <ntt) (4.23)

(B, k| 1/ | B, b — 1) ~ 4’””2’7‘6“3(1? @)

By (4.19) these are negligible for large . When k is comparable with », the last step
in the approximation breaks down. When %> n? we may expand (4.22) in powers of
nfky, n'[ky, obtaining
(ky — 3) log kyfn + fren — ky — (ky — %) log b/’ — Jnn’ + ky
~ —logk/n' — (k + %) log A + = (n — ') by =k + 1,k =k -+ 2),
~logk/n' —(k+Hlogh+ir(n—n) (hy=Fk-+ 1,k =Ek),
2B 2
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80 that

’ dmem 2rad n' et -n)+2e8
(B, b[1/02 B b+ 1)~ === —mm— P+ 6)

drem Sl o b -y [B>n2]. . . . (4.24)
Bk o A F—G)

(B, k|12 | B, b — 1) ~

These again are very small, though not as small as (4.23). So long as % and »’ are
sufficiently large, (4.23) is a good approximation for all matrix-elements which are not
negligible.

4.3. The matrix-elements with E < 0 can be treated in the same way when n, n’ - .
From (3.43), (3.53),

r_ Plu? — 2P N+ A) (w4 9)* ™ 2(02 + 1) {(k 4 1) w — on} u du
I _—J [u2—}-1] [(u—)\)(u—~fé)”‘:l (u? — %) (u? -+ 1)

(4.30)
7| (w4 ) (uw + o)™ du
J —L [uz+ 1 ] [(u—- A) (u @')'“:’ (u? — A%) (u? + 1)
Let , ' ‘
w_ U N @) wA A seotw
h O e e (4.31)
80 that _
3xdx 22 (A + 1) du
R i e PN (4.32)
Then
0 . k-t
T — _L [‘Z:2+112] ¢ {(k -+ )u—m}u?’”;d”, ..... (4.33)
and .
7 __r [u2 — N . 322de
—Jo u2+1]e on(a + 1)’
_ v _ 3 i R Sl L P
= ST~ T )j [u2+1]e Sustde . . . (4.34)

after an integration by parts. As before, in all 1mportant cases we need consider only
large values of u, so that

2 2n (A2 1
7‘7 ”\’-—1-3—&%:':——)- P T (4.35)
and ‘
( — ;\2J [l— (;\2 _|_1) 22 :lk
w1 Gnw + DRl
~e R (4.36)
where
yasEs 1)’* k
a= < 3 ) @ (4.37)
or
s 1 i) __ (E"— E) h?%k?
200 — g (L + L) =E DAL (4.38)
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Using (4.35), (4.36) in (4.33), (4.34), we have

T~ 200 (7 i (6 — 3ia) do 1
)
' . Lo (4.39)
o ? _ w ® — 3?4123
v pom n(x2+1)joe S”de

These equations are the same as (4.09), with 22 ++ 1 for 22 — 1. They lead to equations
parallel to (4.20)

R~ — 2o & (F + G) l

gl 203 S R I (4.40)
MmO
Thus by (3.44), (3.54),
, i dem\[  (n4k)! ]% )
(B, k1)t | Bk +1) ~ = < 2 >[<n—k—1>’ 2n
n/k+%/%k+% 2rad 208
X o’ =7 € (F+ G)
T — k
¢™T (k + 2 — )| (4.41)

O s e

1e—% [ k+4 3
n /n 2na 2 (F . G)

X FETE —im)] K ]

By SrirLiNe’s formula, when n — £ is large

tog {[(n(ﬁ_k-) i = )

~3+ Dlog W) | garop bR g

Lk — 3 log MR - K W tan = K n K — log 2, . (4.42)

and if £ < »'°, as when a.is finite, (4.42) reduces to

k'

e~ — 20 —}log2n

—1llog 9w — 18 4
3 OgZW*%;b; 8
by (4.38). Thus

(B, k|1)r2 | B, k4 1) ~i mn 2““ (F+Gﬂ

s [E<O0<E,n= -

bnt] (4.43)

' ‘m 2
(B, k|12 | B, b —1) ~ i« }:"3 2ra @)
The final approximations break down when % approaches #, but the matrix-elements
are then negligible.
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4.5. We now suppose that IE[ only is small. That is, we make n, A - o together,
while »’ and & remain finite. In (8.27) and (8.35) put v = A/t. Then

- 2(”-1) (L s+ (1 — gt .
= J (1 + t/)\)k+o+")‘” ( t/)\ k+2—i)\n' [k + 1 wm t] dt

1 (1 _+_ t)k—-1+m (1 ) 1—in’ (4'50)
J = ]'/A3 J‘O (1 + t/}\)k+1+i/\” (1 t/)\)k—{-l—u\n' t2 dt
When A - o
I~—22a jl(l - g (1 — g e [k - 1 — an't] db
0 ) N
(4.51)

1 .
J ~ l/xsj (1 + t)k—l+in’ (1 —_ t)ic—l—in’ e~ 2t g2 i
0

The same integrals taken from —1 to 1 give 2RI and 2RJ. In these integrals put
t = 2x — 1 and expand the exponentials in powers of . Then

RI ~ — A%+ jlw’“”"' (1 — )t~ g—tinat2in’ [} L 1 + o0’ — 2in'z] do,
AQZEHL g2in’ {(k+ 1 +’m) z P(k+1 4+ g4+ wm)T (k1 —1n') (—4m)e

2k +1+g)! q!
Pk+24qg4+m)(k+1—m)(—4m')
—~a I @FT2+9)! it
2k-+1 G2in’ Pk+14q+m)P(k+1—n)(— 4’&%)9 1 — in’
2 qu 2k+2+9! q! k+ )

X 2k + 2 + g + 2in’),
— Agek+ 2 (7‘22—; —2|—; s e ((Fy (k2 + ' ; 2k +3; —dn)
+1F1(k + 1+ 2k + 3; — dwn')},

— 939+ I ]‘22'}; —2{——2-)?% )2 R e T, (k _|_ 14 on'; 2k + 3; —4in’), . (4.52)

since* , '

e By (b 42 +in' 5 2k +3; —din’) = e~ \Fy (b + 1 — ' ; 2k + 3; 4dn’).
Similarly, ‘ ‘

RT ~ 2;\3 2 g2k-1 f b1+’ (1 _ x)k—l-}-iﬂ' g tinw+2in’ [1 — 4z (1 — w)] dw,

Lgwor g [ § Dl cg ) (b — in) (— din'y
q =

T o (2k—-1 +¢)! T
S UESETER ) J S B UCT LIk
g=0 2k + l-I—Q) gt I

= 51;\322"—1 [C (b — )[® o (o (0 - 1),y (s + in”5 2k ; — din')

CFF 1)
—4(k24-n'2),Fy (k+1+4m'; 2k4-2; —dan')}. (4.53)

* See BARNES, ° Trans.A Camb. Phil. Soc.,” vol. 20, p. 253 (1906).
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Inserting (4.52), (4.53) in (3.28), (3.36), and using
T (k41 —in) ~ /(2r) nP*E g7

we ﬁnd - (g
' 4'n:m\/(21t)n'+ I‘(k+2-—-'m') Qk+2 /
' 4rm A/ (2r) 0¥+ T (k — m’)l D / T
(0B 1 = 1) = 2 L DTE b
where | :
P, k)=Re™ F(bh+1-+m'; 2%+8; —din) - ]
Q(n', k) = e {2k (2k 4 1) ,Fy (b +n" 5 2k; — dan’) . (4.55)
A —4 k2 +n?) F(k4+14wm'; 26 +2; —4m’)}
When E is small and negative we put » = 2/t in (3.435 and (3.53). Then
f_ 24+t — at WM E-2 Bkt (1 _ g\’ ) ]
I'= x j‘o (1 F gt/ aywreee (™ (1 — )" [k + 1 —in't] dt L wso)
) : . (4.56

1 Y A —k—1 . -, .,
¥ =y [ (g 1 g

As 2 >0, I’ and J’ reduce to the expressions (4.51) for I and J. In (3.44) and (3.54)
we use

m+E)Yn—Fk—1)!~ P2+
and find

(E,lc[l/r“’]E’,k+ 1)~z'_°‘-

mn*‘

(+0, k1| B, k+1)1
(E - —0). (457)
(B, b |1t B, b ———1)~z—-,\/mns(—|—0,k[1/¢2[E',Ic—l)J

4.6. Now let E’ be small, and E finite and negative. We use (3.64), (3.65), and
approximate to I and J" as » -0 and »’ > . Let '

(1 4 eap)*t 2

-(—]'-—-:m)—)';m pz a (7/ )\’U)p ......... (4. 60)
so that :
n—k-1o0rp %—k—1><n+k+p—-q) .
= b . : i e e .
T = ( g P—4q (4.61)

Using the expansion, and putting v = 2z — 1, we have
© 1 .,
I = a, (i 2449 [ (20 — 1) @b+ (1 — o+ do,

_.Za (7,;_)?221:-!—32 <q>P(k+2+q+(;Z)_:‘:§k+—;))2'+p"‘Q“"Z%)( —)oe,

~2#T (2 +m)T (k42— )P (0, k), . . . oo . (4.62)

p=0 2 g=0 \


http://rsta.royalsocietypublishing.org/

A A

L

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

%

A B

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org
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where

N . e a, p AT
I (7’& /C) pzom z <q>( "’) )

Gy (— 2n) . (4.63)

o o ey EEE IR
J'~ (k4w T (k—w')Q (m k), . . . . . . (4.64)

Ms

Similarly
where

Qb= 3 G2 (4.65)

(2k ey
Insert (4.61) in (4.63) and put p = ¢ + . Then

, vkl k— 1 (— 2n)? . .
P:(n,k)— EO< g )mlﬁ‘l(n+k+1,2k+4+q, 2n),

:e—%"%”(""‘k“‘l)((_%)q F, (— n+k+3+q,2k+4+q 2n),

=0 ¢ JeEFatq
n—k—1 o
R (k1S (<HEr
L p=q< : ) @ =9 @GrsLp - 460

Terms of (4.66) vanish for which —w+k+3+¢g=0=—n+k+24p, so
that if p = n — k — 2 the coefficient of e (2n)? is

()t —b— D) (=) p —n b h42) (=)@ —2—3—p)

@FEF3+p)]! T @kt 34!
Thus
/ — (__\n—k,—3n - (2%)p+1 (2”')
P b=yt S e —
ot in—k—1\/n—k—3— (—2n)
ey 3 (T q
Te p=0 q=0( q )< P—4q >(2k+3+p)!’
(i (2OPTEE v b (— onp
_( ) k=1g (’}’I,—}—k)'+6 p=20 m!, ..... (4:.67)
where*
_[mn—k—1 o .
S T e e R T e T
_(mn—k—1\,, . R
—(* TR (—p e —k—ps b,
_qé'O(””f;“‘)(p-qﬂ)( D A . (4.68)

* For the transformation see BARNES, © Proc. Lond. Math. Soc.,” vol. 6, P 150 (1908).
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Similarly ‘
roogn MRl i — kb —1 (— 2n)? " .. . oy
Q(") k)— qEO ( q >MIB1(H'+IC+1’2]G+Q’ 2”’)’
_ k-1 /n . k —_1 (__. Qn)q § .
— 2n D _— . .
= I g >@F:TI@T¢“*”+k L4¢; 2 +q; 2n),
R et <n - k — 1) <n — k1 —-q) (— 2n)? ,
7=0 p=¢ q p—9q (26 — 1 4 p)!
CanE (- 2ny | |
— n .
= e pEO m I T R R (4.69)
where C, is the coefficient of a7 in [z + (1 -+ 2) "2 (1 4 x)?, so that
m—k n——k—41>2p_, .
op,,< ; >2,,+< e (4.6T)

From (3.64), (3.65), using (4.62), (4.64) and StirLING’S formula,
(B, kl1jr2| + 0,k + 1) |

= (=i g/ [(4’;:’”) (n(ﬁ"‘; L !)1)!]} do/mae (4n)t P (n, )

(B < 0) (4.6E)
(B, k|1/r*| + 0,k — 1)

Y | E e

4.7. It is worthy of note that (4.54) reduces to (4.23) and (4.57) to (4¢.43) as B’ - 0,
and (4.6) reduces to (4.57) as B~ — 0. It is not immediately obvious that this should
be s0, as one set of formulze is suitable when E and E’ have a finite ratio, and the other
when their ratio is large. However, if in (4.51) we put

Loblpmw o L (4.70)
» 1 —¢
we find, after integrating J by parts, that
” ; .y 322 do
~  2\E1 i )
T~ —2r | (=) e [k + 1 — in's] s |
" 0 s e - . (471
K . s 302 do
~ —_ 1 — 2 I s
J 2n A2 2n2 A jo ( ye 14

Only small values of ¢ are important in (4.71), just as only Iarge'values of » are important
in (4.04), and approximations analogous to those previously made produce the formulse

4.09), with
(4.09) "

= Feny
(4.72) is equivalent to (4.07), (4.08) when n/n’ > .
VOL. CCXXIX.—A 2 ¢

20 =k fen®. . . . . . . .. (4.72)
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To deal with (4.6E), we turn the definitions (4.63), (4.65 ) of P’ and Q' into contour
integrals

— (2n e P () = oL [ QR o 2

2ri Jo (1 — 1)z)" T ZHHe (4.73)
@ Q) = oo | S e
where C is a contour on which |z | > 1.
After partial integrations equations (4.73) become
k41 n—k—
—(2nY* 3 P! (n, k) = ( 2)n: - L 8 :t 2"“‘; e~ [k + 1 -+ nz]2dz ‘L
(4.74)

) __\n+k n—k—1 k )
— (201 QO (. T :( ) J(l'{“z) —2nz I¥ .
(2n)*71 Q' (n, k) Gl W s g 2 nzdz _
The integrands are regular except at z = 1, and the contour may be taken to be the
imaginary axis and an infinite semicircle over which the integrals vanish. On the
Imaginary axis we put
1 + z e-—2z —_ eixf“/‘n.
l—z

When n is large only small values of |2| are relevant, and the usual approximation gives

(2n)* 2 P (n, k) ~ (— )it -@% Jw e+ (6g, — Bix) da
T —®0

o | . (4.76)
(2%)%——1 Q (n, k) ~ (__)n+k+1 A J o= 30T g T
2tn J-w
where
s k 3 __ I3 2
— 3.—-_-%(2 g 20 = k¥/6n2. . . . . . . .. (477)

This definition of @ agrees with 4.37 When n /n ~ . The integrals in (4.76) are those
of (4.09), and

P k)~(—)”+'~'+1—”i%m<F+ @ |

k(2
: | S (4.78)
o i 203 e?
V)~ (IR @6

Using (4.78) and StirLiNg’s formula in (4.6E) we find (4.43) again.
4.8. So far we have made E or K’ or both ~0. Now let B’ - . If in (4.50) we
make n’ > 0. A -, we have

~ — 2 o 2k + 2) !
' 27\§(1 Ak D _‘(2—]{;—‘— -{—l)!!)\ L (4.80)
~ 3 !  o\E~1 2 (2]6—-2)” 1 ’ .
T~/ Jo(l A E R Jl
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Thus by (3.28), (3.36),

(E,k I 1/7'2 I E,kE+1)~ é-‘%n—%e*"" I r (k 41— 7/,"/)| <%C)k+% k+1

@ nn
2 T b 1)~ M g . w\Ftt  of . . . (4.81)
(E,kll/rlE,k ‘1) ——}:—e* |T (k1 m)[(n> S
(E>0,E ~ o). )

When E is negative, the expressmns (4.56) for I’ and J’ reduce to (4.80) when »’ - 0.
Thus by (3.44), (3.54),

| / o f(2mm (! \<n'\’“+* 2t )
(B, k| 12| B, k4 1) ~0a \/<]m3 m—k—101\n/ @k+1DN
- . ; B .N‘ 271;m (n—}—k)' ><7i;\k+»} 2k . &.\ (4.82)
(B, k| 1frt [ B, b — 1) ~ i \/<zm=(n_.k___1>z w) @k 1)IE
(E<O,E'~>OO).

When E ~ + 0, as well as ' ~ o, we have from (4.81) or (4.54)

4:7'Cm ! E+3 2k+1
VeIV e |

, dmm ok (B> ) (483)
(+ 0, k|1 | Bk — 1) ~ == /@y e

(+0,k|1)r? | E, k+ 1)~

and when E -~ — 0, (4.82) agrees with (4.57).

4.9. Finally, let E and E’ be nearly equal, so that » ~1. We shall include cases in
which £ is large, so that & (» — 1) is finite or large ; but in these cases we shall assume
k> n. In (3.27), (3.35), put

A=1+e,  w= 41l ... ©(4.90)
Then |
B il
| X [(k+1)e+ (k+1—1n)z] (c +2) do % .. (4.91)
i j:(l — wk)-_l—(i”,—(;Zx)ki?+:t 3} w)k o r2dr J

If k& and » remain finite as € ~ 0, we can proceed to the limit under the integral signs.
The convergence of the integrand of T or J is not uniform near # = 0 ; but the integrand
is bounded, so that we can integrate from » (> 0) to 1 and then make n ~0. Thus

I~ ~4ﬁ(1 L 1 — ) do = — 1

o 1 (b m, € 1fe). (4.92)
L oNE—l—iw _
S T T L=

2¢c 2
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If k> o ase >0, we put # = ey. Then
1/:(1 — 3?/) —in’ (l + {2 +8} y)k+m
I (2 + ) j.o (1 _I__ 2?/)1:+2+m ]
' e+14+E+1—im)y] (A +g)dy & - . (4.92)
Jgfﬂr~ww*wa+%%+ﬁwbmw

0 - K (1 + Qy)k-l-l-[-in ?’/2 dy
Now
(L— eyl (1 + {2 + by _ —[1-sexar)
(1 + 2y) - 142 ’
— 2cky? ‘
~exp 7 T 2Z ......... (4.94)

wherever it is not negligible. Also

- ) 2¢ ey " )
(1 —ep)™ @+ {2+ <}y (142" = [1 “ﬁ}%‘:ﬁﬁ] (I -+ 2y)~™ (4.95)

So long as k> n’, (4.95) may be replaced by 1, even when »’ is large ; for whenever

(4.94) is not negligible _2_3_%%_ <1, and (4.95) reduces to
(1 — Qay)‘”‘ (1 4 2y)™e~1.

T~ [ B (L gy )
| 0 1+ 2y
. 1/e 2eky? 2
~ - Y
J JO e my(—Ll —|~2y> dy

Thus

Putting ¢ = 2¢ky? /(1 + 2y), we have
N t+2€k> _
i~ —["en/ <_..__t i 1’ |
‘ f\/_.l_. °° -t __.f._.._
‘4skjo ¢ "\/<t+2ek>dt

When ¢k is small, these reduce to (4.92). When <k is large, they give

I~ — /(2rck), J~ k>1fe,0). . . . . . (4.98)

\/( 3k3
Substituting from (4.92) in (3.28), (3.36), we have

Wk + 1 + o)

'(E,k]l/ﬂ[E—}—O,k-—-l):k_\_/.(iz.’.;.%

(B, k| 1/ | B+ 0,k + 1) = dm l
. (4.99)
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Since (B, %|1/r*|E —0, k+1) = (B — 0,k + 1| 1/r2 | E, k)*, (4.99) shows that the
matrix-element, considered as a function of E and E’, is continuous at E = E’. When
k is large, so that (A — 1) & is not small, we have to multiply the expressions in (4.99)
by

AR (—=1), ARaE( =1, ... (4.97)

where I and J are given by (4.97).

§ 5. Coefficients of Absorption.

5.0. We now consider the absorption of energy by an electron in transitions from a
bound state to a free state, or from one free state to another of greater energy. Let the
wave-function be initially one of the wave-functions discussed in § 2, with the suitable
time-factor

bo= U (B, kyu)e~®r, . (5.00)

If E < 0 this represents a single bound electron ; if E > 0 it represents free electrons
encountering the central charge at the rate of one per unit time. Let us introduce
radiation whose vector potential near the origin is

jAcosonvt (j2=1;E+hv>0), ... .... (5.01)

where j is a unit vector, and the frequency is sufficiently high to free the electron if
it is bound. A free electron cannot absorb radiation except in an encounter with another
charge, and it is here assumed that the space around the central charge in which this
process is effective is small compared with the wave-length of the radiation. Otherwise,
(5.01) should vary with position, and give rise to terms involving quadripole* and higher
moments in subsequent formulee. The interaction energy of the radiation and the
electron is

?—é—-&(j’.i') cos 2nvt, . . . . . . . . (502)

where I is the electron’s velocity. The wave-equation is

ih 3 CeA L, . »
[EEa“t H] =2 Beosomty, .. (5.03)
where H is the original Hamiltonian operator, so that the functions (5.00) satisfy (5.03)
when the perturbation on the right vanishes. If the radiation is weak, ¢ changes

slowly from its original form, and for small ¢ we may replace it by ¢, on the right of
(5.03).

* See GAUNT and McCRrEA, ‘ Proe. Camb. Phil. Soc.,” vol. 23, p. 930 (1927).
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At time ¢ we may expand ¢ in a series and integral of the wave-functions (2.01),
getting
b= % a &, ¥, u’) Y (B, &, ) e =2t
B <0 .
- kK, uw 0 .
+x j a(B, K, w) § (B, ¥, w) e ™ d8'/h . . (5.04)
B.u Jo

where the coefficients ¢ depend on ¢. Substitution in (5.03) gives

0 k' w Jo

S G (W, K,w) 4 (K w) "0 3 "G (B, 1, o) ¢ (B, B, o) e i b
< .

L E
¥,

= - (j/ . 1) cos 2rnvt ¢ (B, k, u)e ™t . (5.05)

Comparison of (5.05) with the expansion theorem, similar to (2.44), in three dimensions
shows that

(B, ) = z"eA(B' K, w)|i . #| B, k u) cos 2rvt i E-D  (5.06)

‘Put
CE—-E=m', ... ... ... (5.07)

and integrate ('5.06), the a’s being initially zero except a (E, &, u). We obtain

meA
he

‘711'6 W+t 1 ezri V=t __ 1

o (B, K, ) = TAW®, ¥, |§. ¢ |E k u[ ] (5.08)

v (v )+2n’i(v’—-—v)_
The first term in (5.08) is important when v/ ~ — v, 2.e., E' ~E — hv, and concerns
the stimulated emission. The second term gives the absorption, being important when
E'~E + hv (> 0). The number of electrons that have been transferred to energies
in this neighbourhood is .

= j la (B, K, w)[2dB'/h (B ~BLhv). . . . ... (5.09)
E,u

We may omit the first term of (5.08), and take the matrix-element outside the integral.
Writing @ for 2 (v/ — v) ¢, we find that it makes little difference if we let  range from
— ® to ®. Then the number of absorptions is '

meA PRI, | . [® 2(1-cosac)_t__
ku<k \) E’k’u“'r[E’k’u)l j_w——-—:@——— 2r “

= o (n;foA> |8k ul BB K )Pt (8 =E+hy). (510

We multiply (5.10) by &v and divide by ¢, to obtain the rate of absorption of energy.
We also divide by the intensity of the radiation, which is ©v?A?/2c. . We express the
roatrix-element of the velocity in terms of that of the acceleration by the rule

(B, kyw |¢] B, K, w) = 2miv (B, b, w |B| B, B, o), . . . .. (5.11)
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and use the inverse square law
mt = — Ze}jfr?, . . . .. ... ... (5.12)

where j is the unit vector introduced at the beginning of § 3.  Thus the rate of absorption
of energy from a beam of unit intensity is

ay (B, kyu; v) = 2};‘?’2 <2§f;v> o \<E k,u ‘(J g ‘ E, kK, u >r

Z2e8
21rh(}m2 v3

S \(B, & L] B )P (kw3 K0) . §1 . . (5.13)

Thetwo possible values of k' are k 4+ 1. If the direction of the radiation is random, we
average over all directions j. The result is independent of w.

A Z26 ) / ,
% (B, E; ) = 2nk'o"“fnzvs N, B1 B )2 S (b w |§] ) (R, w ] K w),
728 k-1 ,
T GrhomEye {2]6 T 1 (E, k !1/¢2| E,k-+ 1)‘2
+2k—l—1|(E k1| k—1)|} L (5.14)

by (3.13), (3.15). Bearing in mind the interpretation of the initial wave-function (5.00),
we see that ¢, multiplied by the intensity is the energy absorbed per electron per unit
time when E < 0, or the energy absorbed per encounter when E > 0.

5.2. In (5.14) both the energy and. the angular momentum of the electron are sup-
posed to be known in the initial state. We usually require an average for various
angular momenta. For a bound electron, & ranges from 0 to n — 1, and the number
of states with given k is 2 (2k 4 1) (including the spin factor 2). We have to multiply
(5.14) by this weight, sum for %, and divide by 2n?, the total weight.

22t 1 "t , -1,
ao(E,v):m;ﬁkEO{(k—i—l (B, & |1/r?| B, k + 1) F—}—kl(E,lc]l/ﬁlE,‘Ic——l)F}

(E<o0), .. .. (520

For free electrons, we shall define a, (E, v) to be the rate of absorption of energy from
radiation of frequency v and unit intensity by electrons of energy F and unit mean
density. Again, the weight by which (5.14) must be multiplied is proportional to 2k -+ 1,
but there is another factor to be determined. Classically, if v is the velocity of the
electrons at infinity, and p is the perpendicular from the central charge to the asymptote

of one of their orbits, then the number of encounters per unit time for which p lies in
the range dp is

v.2rpdp. ... L (5.21)
Also the angular momentum is

mpo~Fkhf2m. . . ... (5.22)
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Using (5.22) in (5.21) and putting dk = 1, we see that the frequency of encounters with
given k is

h?

4mo

@k+1), . . .. (5.23)
since 2% - 1 is known to be a factor. We multiply (5.14) by (5.23) and sum, getting
] 72,6 ®
o (B, ) = 52 0h S {(k o 1)1, B 1] B, ot 1) - RICE, b [1)0] B B — 1)
E>0. .. .. (5.24)

The derivation of (5.23) given above is a simple application of the correspondence
principle. The following method is pure quantum theory. A uniform stream of
electrons with the given energy is represented by

=g L (5.25)
where, as before, ,
2r 2rmo
| == v (2mE) = AmCEEEE IR EPR (5.26)
We can expand (5.25) in the form*
27\ & ., 2k 1
¢ = M <ﬁ> Ea by ) Peos0). L (5.27)

Each term of this expansidn corresponds to electrons with a given angular momentum
about the origin. The normalising factor for P, (cos 0) is 4/{(2k + 1)/3n}. Also as
y > @
/\/<-2£> oy (yr) ~ Y%’ sin (yr — 3k=). . . . . . .. (5.28)

This may be compared with (2.47). The argliment of § 2 shows that the normalising
factor by which (5.28) must be multiplied in order to represent one encounter per unit
time is 4/(2rnmy k). After removal of the two normalising factors, the coefficient of
the &k wave-function in (5.27) is ©*+/{(2k + 1) k/2my}. The square of the modulus
of this coefficient is the frequency of encounters with given £, and reduces to (5.23) in
virtue of (5.26).

5.3. We now make use of the various apprommatlons of § 4.

I. E—+0,v 0. Theratio of E to hv is supposed to be finite, so that that of D to B
is finite and not too near 1. Then for & = O (n?) we may use (4.23) and (4.43) in (5.14).

3'72,6
a0 (B, b3 v) ~ %m F4G) E>0, ...... (5.30)
I 26, 2 r
o (B, b3 ) ~ 5l O g8 (B2 + G) (B < 0), (5.31)

* Warson, “ Bessel Functions,” p. 128,
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Small and very large values of k, to which these formulee do not apply, make no appreci-
able contribution to @, (B, v). The derivation of a, (B, v) will be discussed in § 6.
II.»E ~ 0, with v finite, (4.54) and (4.57) are relevant. We use

P(1+w)T (1 —wm)=w T (@) T (1 —n) = n'w [sinh n'x,

and find from (5.24) |

4728 T/ m+1{(1 + ) .. ({k + 12 4 n'?) 2442
a (E, v) ~ ShomEos o S kzon DT D) P2

(L) @ — 1P )22 0]
+ IR Q[ (B-+40,. .. (532

and from (5.20)
o alPes o/ s {(1 + 02) ... (b 4 12 n/2)e otks
(E, v) 3h2emv3ns e™ sinh wn/ onn 2k +1)12(k + 1) P

(L4 n®) ... (kb — 132 + n/2) 2%2 3 o .
* @k+ 1)1k @ (B 0),. .. (5.383)

In each series, the second term of the bracket is to be omitted when k£ = 0.
III. E + Av = 0. We use (4.68) and (5.20),

_ 32n/Peba® "1 (n k)
ag (B, v) = 3h2cmv3n? LEO (n—Fk—1)!

{(k + 1) (nyep 42 (4n)2k“Q’2} . (5.34)

where Q' is to be omitted when &k = 0.
IV. v 5> o, We use (4.81) and (4.82),

. 2Z2@‘s ne™ [ & (14 n?) (4 + n2) 3 (k2 + n2) 2% [p/\®+1 AUe
a (B, )~ T o b {M @k — )2k <n> T 4“‘} (5.35)

. l6x 7265 n
3hemPvy3 1 — =™

E>0,v->»), (5.36)

since ' 1s small. Also

Z2e8q y LS (n k) 2 (" 2k+l ~
ao (B, v) ~ W{ML +k§1(n——k-—-1)'(2]“—1)"2]‘;\%) } (E<o,v ;;)57)

of which only the first term is important.
V.v—> 0. E>0. By (4.99)

0o (B~ 228 0%k (5.38)

3homPov® i1 K2+ 02

The series is divergent. Evidently large values of k are important, and for them (4.99)
is not valid. The extra factor A~* in (4.9T) secures convergence. 'We may make an
VOL. CCXXIX—A. 2D
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estimate of @, by taking the series in (5.38) from £ =1 to O (1/{» —1}). The sum
then ~log 1/(x — 1), or log E/hv. Thus

rJg 6
%mﬂywﬁ%ﬁﬁmgmm (hv <E). (5.39)

§ 6. Astrophysical Appliodtions.

6.0. We have now to compare our results with the formule used by MiLNe and
others in calculating the stellar absorption coefficient. These are based upon the work
of KrAMERS (loc. cit.), who used classical electromagnetic theory. Assuming that the
orbit of the electron was nearly parabolic, that the energy radiated was small compared
with the initial energy, and that relativity corrections were negligible, KraMERS found
that the emission Wlth]n the frequency range v, v -4 dv in an encounter between an
electron and a change Ze at velocity v and impact radius p was

4r272eb
5%?@ngm, ........... (6.00)
where '
23
YKWQT‘—”%Eg—”f, L, (6.01)
P(r) = 1 {¢ m)zw(mz} " (6.02)

¢ (vo) = v, 1" 37 H{Y (4v,/3) ]{

b (1) = 1,3 HY (v /3)
and the notation is otherwise that of this paper. KrAMERS’ first assumption may be
paralleled in quantum theory by the assumption that the electron’s energy is small
and positive both before and after the emission, <.e., that E’ and E are small. We
therefore compare (6.00) with (5.80). Since (6.00) represents unstimulated emission,
the corresponding absorption per unit intensity is to be obtained from it by division by
8rhvidy/c?, giving

nZ2es
Qg (E P ) W P ('Y ). N .‘ ..... : (604-)
Now if in (6.01) we put the angular momentum mpv = kh/2r, we have

R 5 s
Ve = memiEa

by (4.08) ; and expressing the Hankel functions of (6.03) in terms of Bessel functions,
¢ = 6a*” 3~ H{ (2103),

=6a® . .. .. ... .. (6.05)

= —4a® {I, (2¢®) — I_, (20®)} = — 4a3Gr, ..... (6.06)
¢ = 633 3~TH{ (2ia?) |
— — 40 I, (20°) — I_, 2%)} = — 40*F, . . . . | 6.07
so that by (6.02) alag Al (607
| Py=16a(F2G2). . . . ... .... (6.08)
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Thus, by (5.30) :
. 7. 2n 372t
2 (h, k 3 V) == WP (YK), ..... e e e e (6.09)

which reduces to (6.04) when we put Ak = 2rmpw.

KramEers’ formula, then, is verified subject to the conditions governing (5.30). This
result may be considered to be an instance of the correspondence principle. KrAMERS’
first assumption is expressed by mpv?/Ze* < 1, which becomes in our notation k < n-
If we ignore the possibility £ = 0, this involves n > 1. The conditions to which (5.30)
is subject are that both m, »' > 1 and that A — 1, or Av/E, is not small; they also
exclude extreme values of %, for which a, is negligible. It is remarked in § 4.7 that
(5.30) covers such cases as m>n'>1. This is in disagreement with the work of
OPPENHEIMER,* who finds an extra factor 34/ 3n/3 in this instance. The condition that
the frequency must not be too small is a new one, and contrasts with KrRaAMERS’ second
assumption. KRAMERS' gives a second formula, based on a nearly linear orbit, for
the case k> n. It involves a function P’ (y,) which, like P, vanishes rapidly when v,
is large. Now (4.07) shows that when k/n is large, a, and so v,, is large unless » — 1 is
small. Thus KraMERS’ second formula is negligible except when hv < K, and then it
fails to agree with (4.99). In any case, its only use was to estimate a correcting factor
¢', which has generally been omitted in numerical calculations. ,

6.1. Since k must be large t6 make v, finite, we may replace the weighted sum which
gives a, (E, v) by the integral used in classical theory,

ay (B, v) = L ao (B, p; v)v.2rpdp
' dy,  4nZ2e

_ mLE r Py) We 4nle (6.10)
hem2ovd |, Ye 3Y. 31/3hemiuv3 .
by a formula of KrRaAMERS. MILNET has an extra factor
' L— el (6.11)

in (6.04) and (6.10). This factor would be justified if (6.00) included the emission
stimulated by black-body radiation at temperature T. This is evidently not so. The
real use of (6.11) in MILNE’s theory is to make the mean absorption coefficient finite,
““ straight ” mean involves the integral ’

j-m v3a0 (E, v)dv

. T

since the

which is divergent without the extra factor. A difficulty of this sort is discussed by
EppineTon,] who seems to argue that Kramers’ theory includes the stimulated emission
since in the absence of incident radiation the electron could not maintain the assumed
orbit. The quantum theory, however, does not support this argument. In fagt, it

* O IL

+ M1, p. 752-3.

1 Eopinerox, ‘ MN.R.A.8.,” vol. 84, p. 116 (1924).
2D 2
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appears from (5.39) that the correct absorption coefficient gives a more violent divergence
than KraMers’. It is doubtful, however, whether this large absorption at low fre-
quencies has much importance. The mean required for astrophysical purposes is
RosseLanDp’s, which converges without difficulty. In MiLNE’s* theory of absorption
lines any kind of mean is out of place. We require the absorption coefficient for the
continuous background in the immediate neighbourhood of the line, and the appropriate
frequency is quite closely defined. The main effect in a star of large absorptions at
low frequencies would be to stop the outward flow of radiation of these frequencies.
This radiation would form part of an equilibrium distribution at some temperature
probably different from that of the material in its neighbourhood. Its amount is in
any case small, and since the spontaneous emission is finite, even with (5.39), its effect
on the distribution of electrons is not important. The physical meaning of frequent
absorptions is not very clear, when we reflect that a low frequency requires a very long
wave-train to definite it. Were it not that the Hertzian radiation from a star is pre-
sumably less than would otherwise be expected, we might explain away the paradox as
a trick of Fourier analysis. :

6.2. We return from this digression to consider the absorption by liberation of a
bound electron. When the energies before and after the transition are numerically
small, (5.31) is appropriate. This expression is formally the same as (5.30), except for

an extra factor
K 2 2007204
oh_ o gmtmliet - (6.20)

16m2mn®  h3nd

When # is large, (6.20) is the frequency-difference, Av, between successive energy-levels,
as may be seen by differentiating (2.06) with respect to n and dividing by k.  As before,
we may replace the sum by an integral in finding a, (E, v).

2

. n—1
@ (B, v) == 'S (2h+1)a (B, k5 ),

1 J‘w 4n372eb Ay P (y.) dv.

7? 0 h3cv3 3YK ’ v
1 16n2Z2es

L R €. %) |
n® 34/3ch3v3 (6.21)

This agrees with the formula used by MiLNE,T when ¢’ is replaced by unity, since in

our case
o lg=1/m* . . . . . . ... ... (622

Here o is the symmetry number of the atom, ¢’ the weight of the atom after the electron
has been ejected, and g the weight of the initial energy-level. Strictly speaking, ¢,
should be the product of the weights of the ion and the free electron ; so that with a

* Miung, * M.N.R.A.S.,” vol. 89, p. 30 (1928). Referred to as M II.
T M1, p. 754. ‘
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spinning electron it is doubled. The weight of the initial energy-level is then 2n* instead
of m2, so that (6.22) remains true. MILNE actually takes for Av the difference

2ntmZ2et 1 1 :
Ay = oL [(n--%)f(wr%)z]’ e (6.23)
but since we have found (6.21) only for large n, we need not here distinguish between
(6.20) and (6.23). We shall return to a discussion of small » later.

6.3. It is now necessary to consider whether the conditions under which the above
formulee are good approximations are realised in astrophysical problems. Looking at
the steps leading to the approximation (4.06), we see that the terms neglected are of the
order of 1/u? and 1/k, that is, of order 1/n*® when ais finite. The methods of analysis are
ill-suited to determine the accuracy of numerical approximations, and it is always
difficult to say how far an asymptotic formula may be trusted. We should probably
feel fairly safe if n and n’ were as large as 10, and we might hope for the right order of
magnitude when they were 3 or 4. - It appears, however, that in most cases at least one
of them is smaller than this. As two extreme examples of the determination of the
coefficient of opacity (ROSSELAND’S mean) we shall take the centre and the outer layers
of Capella. We shall also take three cases considered by MILNE* in his paper on maxima
of absorption lines. When the absorption coefficient varies as 1/v3, ROSSELAND’S
mean involves '

r S N (6.30)

o _ 1"

and the frequencies of the greatest importance are those for which Av is about 6%T.
These are the appropriate frequencies in the first two cases, and in the others we use
the frequencies of the lines concerned. We take for E the mean energy $kT. At the
centre of Capella we take Z = 20 ; in the photospheric cases Z = 1. Energies are given
in electron-volts. ‘

T. kv, E. . n. .
Capella (centre) . .| 7-2.10% | 3-7.10% | 0-9.10% | 4-6.10° 2-4 11
Capella (outer) . . .| 5000 25 0-6 3-1 4.7 2-1 (6.31)
Sun and Capella . . .| 5500 2+ 3% 0-7 30 44 2-1
Sirius (Balmer lines) 10000 1:9to 3-4 1-3 3:2t0 47 3:2 2:1t01-7
Arcturus (H and K) .| 5000 3-0 - 06 3-6 4-7 1-9

* This rough value is half the difference between MILNE’s ionisation and excitation potentials.

Looking at these figures—especially those for the centre of Capella—we are not surprised
that KraMERS’ formula gives the wrong result. Instead of the opacity of 53 which is
required inside Capella, EDDINGTON’S calculations give 5. - MILNE contrives to multiply
this figure by 2 or 3, by a treatment of the bound electrons which will be criticised later.
* M II, pp. 37, 41, 43.
203
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In the outer layers of the Sun, Capella and (perhaps) Sirius, MiLNE* finds, from observa-
tions on the maxima of lines, absorption coefficients of the same order as that which he
calculates from KrAMERS’ formula. The calculated coefficient, however, is his mean
over the whole spectrum, which is equal to the coefficient for the frequency v, where,
(see (6.11), (6.12) ),

_]__ . © — o [kT /J‘oo V3 dV . k3
<= Le ], F— = srgm (6.32)

The frequencies actually concerned are greater than v. The frequencies of the lines
observed in the Sun and Capella are not given by MiLNE ; the rough guess entered above
is nearly 6kT/h. The lines concerned in Sirius range from 2-3 £T/h to4-1 kT /h. Since
the coefficient of absorption varies as 1/v®, MILNE’S calculation may have to be divided
by factors ranging from 2 to 30. Until more precise observational data are to hand the
comparison must remain vague.

6.4. Since the conditions under which KrRaMERS’ formula was verified are not realised
in practice, we turn to our other approximations, in order to see what kind of deviations
from this formula they would lead us to expect. For this purpose we introduce a
correcting factor g, defined by '

' 4r72eb
a E, V) = ————
‘0( ) 3vV3 homrow !
72842
o (8, v) 34/3 h2emv®nb 4 :
so that when E, E’, -0, ¢ -1, by (6.10), (6.21). We have the following results from
§5.3 : '

(E>0)

(E <0)

E=0. By (5.32), (5.33) |
' A3 3 (14 n72) ... (k17 + n/2) o4+2
1= Fsmhmisioe” | @+ DIEGEFD b

(14 n?)... (7;‘,-:—12 + n'2) 242 2‘
- 2k +1)12F Q}- ... (6.41)

'=0. By (5.34)

g = 32n/3nd ,i(ﬁ% {(lc + 1) ()= P () sz}. C. (642)

E' > ». By (5.36), (5.37)

g~ 4V3wW /(1 — e~2m™) (E > 0)
_ ~ e e e e (6.43)
g~4V3n (E <o)
v~>0. By (5.39) _
g~ -\—/x—3 logE/v. . . ... ... e e e e e e e e (6.44)

* MII, pp. 37, 41.
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Values of g have been found from (6.41) for »’ = 1, 1 and 2. Only a few terms of the
series are required. The series (4.55) for P and Q were summed numerically. It was
necessary to use as many as 15 terms, since the terms increase in modulus at first to as
much as 10 times that of the final sum. The results are given in the table (6.45) below.
The column headed ““ ¢ |F, ” contains & |F, (k 4 ' ; 2k ; — 4n’), which occurs in
Q. "The sixth and seventh columns contain the terms of the series in (6.41), and the
eighth column its sum.

oo . T Ter :

w.| ko| P e T, Q. ineg: ineanlj Series. g.
0 1-2 — -— 35 .

$ 1 1-1 1-4 3 0-7 0-1 4-3 11
2 ~1 1-1 <5 ~0-03 | < 1/400
0 1-9 — — 30 —

s 1-5 31 5 -20 3 U o Ly (6.45)
2 14 115 |1 5 02 [ ~
3 ~1:3 1-4 <20 ~0:3 1< 1710 J
0 9 e — 3200 —
1 4-3 29-4 24 4800 | 500

2 2 34 7-6 24 . 4500 200 15000 11

i3 2-3 4-0 1T 1100 20

1 ~2 2.9 | <40 ~300 (< 15

|

The last figure in ¢ is uncertain. We can only say that this factor is surprisingly
near unity. Calculations for larger values of n” would be more laborious ; but we know
that as n’ - © g 1, and it seems unlikely that g should differ much from unity for
such values. For small »', (6.43) gives g — 44/3n’, so that g is then small. Apart,
however, from this region of very high frequencies it appears that KrRAMERS® formula
1s & good approximation when E alone ~0. These conclusions are in strong contrast
with those of OpPHENHEIMER.* In his notation, g is defined by the equation (loc. cit.,
p- 726) ‘

I-+I_3V3Qg.. .. (6.46)

For K = 0 (the threshold) and »’ (his n) = 1, his curves (loc. cit., fig. 3) indicate a value
of g of about 8. For n’ = 2 the curve goes off the diagram, and ¢ must be about 25
or more. In fact, his equations (16) and (19) give for large n': g ~ 34/3n/3/2. It is
owing to these large factors near the threshold that OpPENHEIMER finds an opacity
approaching the value required in the stars. His argument is obscure, but there seems
to be no doubt that he has made a mistake. The approximations for large n and »’
have been worked out again on the basis of his general formulee, and the result is the
same as KrRaMERS’.T This correction is of crucial importance. It is evident that if his

* O IL . ‘ ‘
T Gaun, ‘ Z. Physik ’ vol. 59, p..508 (1930).
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curves in fig. 3 are to come down to the unit line near the threshold there is much less
chance of a high opacity. OpPENHEIMER’S other formulee agree with ours. Thus his
equations (16) and (18) give (in our notation)

F T ~dnn (1 —wn)Q (> o, 0 > 0). . . . .. (6.47)
Since ,
Pm,0)=1-+0?) @-0), ........ (648)

(6.47) agrees with (6.41) and (6.46). Again, as v -0 his formule (24) reduce to

F~Q Ir~Qlogl/s, (v=10), . ..... . (6.49)

which agrees with (6.44) since § is proportional to Av/E. It is doubtful whether the
more complicated forms of his (24) are very valuable. If they were always valid up to
three-quarters of the threshold frequency they would be extremely important. However,
in deriving the first of formulee (23) #/¢*, or 3, is neglected in comparison with unity ;

“and the second formula neglects 82. Granting (23), I find érrors in (24), which are small,
however, for small 8. In the limit we have (6.49), but there may be permissible values
of 5 for which the extra factor 2r3/(1 — e™*") amounts to as much as 2. Suppose 3
may be as great as §; then curves 1 and 4 in OPPENHEIMER’S fig. 3 are given as far as
v/vy = 036, curve 2 as far as v/vy = 0-5, and curves 3 and 5 as far as v/v, = 0-55.
In these ranges the greatest value of ¢ is about 4.

6.5. An estimate of the contribution of the bound electrons to the absorption is
provided by (6.42). The negative energy of the lower levels is- generally several times
larger than kT, so that it is not often that an electron escapes from such a level with
much energy. That is, E' ~ 0 is a reasonable assumption when » is not large. The
following table shows the results of calculations with (6.42). P’ and Q' are calculated
by means of the series (4.67), (4.69). None of the series contains more than a few
terms. ‘

| |
7. k. P Q. i]rf%r,{:.l 113‘3?'? Series. g.
1 0 te—? — 4-6.10-3 — 4:6.10-3 | 08
0 —Jet — 17104 — } .
2 _ . I P 6-3.10=4 | 0-9
{ 1 e —Le=t [4:5.10—%10-1.10—* | (6.50)
' 0 Te—0 — 2-5.10-5 —
3 1| et =6 |7-4.10-5(0-4.10-5 &1 19-3.10-5 | 0-9
2 et | —Le6 8-8.10-7(0-2.10-3 ,
0 —~28g—8 — lo-1.10-% —
1 Bre=8 | —19¢=8 [1.9.10-9]0-2.10~° o als '
4 9 | —rhge=t | des |3:1.10-31-0.10-5 | 221077 10
3 gyes sige=® 12-3.107510-0.10°
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Again, ¢ differs little from unity. Thus formula (6.21) is a fair approximation when
E' ~ 0, even for small values of #. In this formula Av is given by (6.20). MILNE,*
however, uses for Av the difference (6.23). (The return to a differential in his integral
(20) is a trivial alteration, since the integrand varies slowly in the range corresponding
to small ». The important point is that the upper limit of the integral corresponds to
the lowest value of n — %, not n.) He thus gains an extra factor

n4
e — D’

which amounts to 16/9 when n = 1, and to 256/225 when n = 2. Including the factor
g from (6.50), we must correct MILNE’s values by multiplying the contribution of the
K-electrons by 0-45, and that of the L-electrons by 0-8.  What he calls the “ KRAMERS’
factor ” is reduced to about 17 in each case. The effect upon his calculations for
various elements is yshown' below.

Element. : ~ Fe Ti Ca Ag
Absorption Coef. (MILNE). .. ... 6:80  14:3 163 195
: ' : : . (6.52
Absorption Coef. (corrected) .. 5-13 71 77 16-9[ - (652)

It is not suggested that these figures are of much value. The table serves to show
that MILNE’s appeal to increased absorption by bound electrons to raise the coefficient
to something like its astrophysical value must be largely discounted.

§ 7. Conclusions.

We cannot profess to have calculated the theoretical value of the absorption coefficient.
We have found a number of approximate formulse which are suitable when some of our
parameters are large or small. Table (6.31) shows that the region in which formule
are required approaches none of these extremes. We can only say that we do not find
large deviations from KrAMERS’ formula except at very high or very low frequencies.
OrpPENHEIMER’S formulee (24), with which he hoped to cover most of the ground, are
more restricted in their application than he suggests. His large factors near the threshold
are due to a mistake. '

The difficulty ‘of the large opacity deduced from observations remains. EDDINGTONY
has given reasons against the possibility of increasing the contribution of the bound
electrons, and table (6.50) supports this view. For free electrons, the important values
of the parameters correspond to about v = $v, in OPPENHEIMER’S fig. 3 ; but when the
right-hand half of this diagram is modified to agree with (6.45) at the threshold, it is

* M1, p. 754, equation (B). :
1 EppinaetoN,  Internal Constitution of the Stars,” p. 242 (1926).
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difficult to estimate the mean value of ¢ at more than 5 or 6. Now the figures of table
(6.52) are due mainly to bound electrons. Multiplying by 6 the part due to free electrons,
we find a meagre improvement.

Element. Fe Ti Ca Ag
Absorption Coef. ........ 8:88 10-2 10-8 233 .. (7.0

To summarise :

(1) KrameRrs® formula is a good-approximation when the energy of the absorbing
electron is small.

(2) MiLNE’s calculation of the absorption by bound electrons is an overestimate.

(8) These results are unfavourable to a high opacity. OpPPENHEIMER’S high value is
due to a mistake. v

(4) For very low frequencies the absorption coefficient is even greater than KRAMERS’ ;
but this fact is not of importance.

(5) For very high frequencies the absorption coefficient is less than Kramers’. This
result is to be found in an earlier paper by OPPENHEIMER.*

(6) It is suggested that in work on absorption lines the coefficient for the continuous
background should be that corresponding to the frequency of the line, and not a mean
over the whole spectrum. This affects the variation of the absorption coefficient with
temperature. Thus Kramers’ formula (6.10) yields & o< P/T%* (where P is the electron
pressure), when both v and v are averaged suitably to the temperature ; but if v is
kept constant k oc P/T*2.

* 0L p. 293.
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